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Generially, the set of points along whih two non-singular vetor elds
on the three-sphere are positively (resp. negatively) ollinear form a link. We
prove that the two vetor elds are homotopi if and only if the linking number
of those links is zero. We use this riterion to give a new proof of a result of
Yano: every non-singular vetor eld on the three-sphere is homotopi to a
non-singular Morse-Smale vetor eld.
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INTRODUCTION
The study of surfae homeomorphisms up to isotopy, following Nielsen
and Thurston, has led to many exiting results. For example, the work
of Franks on area-preserving dieomorphisms of the annulus, of Handel
about xed point of planar homeomorphisms, of Bestvina & Handel for
surfae homeomorphisms, of Gambaudo, van Strien & Tresser and Llibre
& MaKay about the foring problem . . . The ornerstone of this theory is
the lassiation result of Thurston (see [12℄). In [9℄, MaKay proposes to
study the same problem for non-singular vetor elds on three-dimensional
manifolds. The main goal of this projet is to understand the relation-
ship between the geometry of the manifold (in the sense of Thurston, [11℄)
and the possible vetor elds in eah homotopy lass (homotopy via non-
singular vetor elds). The problem of homotopy of non-singular vetor
elds has already been studied by (among others) Asimov, Yano, Gompf
and G. Kuperberg [1, 16, 6, 7℄. In the last two papers, Gompf and G.
*
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Kuperberg give a omplete lassiation of non-singular vetor elds on a
three-manifold in term of Euler lass, spin struture, . . . Those studies were
done using a trivialization of the tangent bundle of the manifold; it seems
that they lead to very poor results on the dynamial point of view.
One key point of the programme of Thurston is to nd a "simplest rep-
resentative" in eah isotopy lass. For three-dimensional vetor elds, as
remarked by MaKay, the notion of "simplest" is still unlear for one ould
not expet to dene this notion with respet to the topologial equivalene
of vetor elds. Indeed, the work of K. Kuperberg on the Seifert onjeture
(see [8, 5℄) implies that eah non-singular vetor eld on a three-manifold
is homotopi to a vetor eld without periodi orbit. However, it is still
interesting to know if there is an homotopy to a well-known lass of vetor
elds (e.g. Morse-Smale, volume preserving, pseudo-Anosov ows, . . . ).
One early work in this diretion, after the work of Asimov, is the work
of Yano, [16℄, where onditions for the existene of a Morse-Smale vetor
eld in a given homotopy lass on a graph manifold (or on a manifold that
admits a Morse-Smale vetor eld) are given in term of Euler lass.
The situation on the three-sphere is in many ways simpler than on other
three-manifolds. We will study the problem of homotopy on the sphere, ex-
peting to generalise our results and methods to arbitrary three-manifolds.
One purpose of this paper is to give a riterion to deide whether two
non-singular vetor elds are homotopi or not, diretly omputable from
the vetor elds. Generially, the set of points on whih two non-singular
vetor elds X and Y on the three-sphere are positively (resp. negatively)
ollinear form a link C+ (resp. C−). The linking number of C+ with C−
is well-dened up to its sign.
Criterion: the vetor elds X and Y are homotopi if and only if the
absolute linking number of C+ with C− is zero.
We show that the absolute linking number of C+ and C− is the distane
in homotopy lasses between X and Y .
We expet this riterion to be extended to arbitrary three-manifold, using
previous work of Kuperberg and Gompf, [7, 6℄ and the extension of Hopf's
ideas by Pontryagin.
The last part of the paper is devoted to the study of Morse-Smale vetor
elds on the three-sphere. We show that every vetor eld on the sphere is
homotopi to a Morse-Smale one, using the riterion. For that purpose, it
is suient to nd a non-singular Morse-Smale vetor eld in eah homo-
topy lass. This has already been done by Yano, [16℄, using ation groupe
arguments. Our onstrution is more geometri than the onstrution of
Yano. The dynami of the Morse-Smale vetor elds is given by a vetor
eld on the two-sphere and is known expliitly.
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1. DEFINITIONS AND FIRST RESULTS
1.1. Hopf fibration and Hopf invariant
In this setion we give the lassial denition of the Hopf bration of the
3-sphere, we give an alternative way to obtain this bration and nally, we
reall the denition of the Hopf invariant.
We onsider S3 as the unit sphere of R4 with the standard metri:
S3 = {(x1, x2, x3, x4)| x21 + x22 + x23 + x24 = 1}. Identifying R4 with C2, by
(z1, z2) = (x1 + ix2, x3 + ix4), the sphere S
3
is the set {|z1|2 + |z2|2 = 1}.
Eah omplex line of C2 intersets S3 along a great irle. The union of
those irles is the 3-sphere and if two of those irles have a non-empty
intersetion, they are equal. We obtain a bration from S3 to CP (1) ≃ S2
whih assoiate to eah point of the 3-sphere the diretion of the orre-
sponding omplex line in CP (1).
Definition 1. The map desribed above, H : S3 → S2, is alled the
Hopf bration.
Let us now identify R4 with H, the eld of quaternions. With this iden-
tiation, the anonial basis of R4 is denoted by {1, i, j, k}. We identify
R · 1 with R and Ri + Rj + Rk with R3; this subset of H is alled the
set of pure quaternions. One an write every quaternion q = R(q) + P(q)
with R(q) ∈ R and P(q) ∈ R3, and dene the onjugate q = R(q)−P(q).
We obtain the anonial norm on R4: ‖q‖ = √qq.
The 3-sphere is the set S3 = {q| ‖q‖ = 1} and it has a multipliative
group struture, indued by the multipliation of quaternions. For a given
point s in S3, one an onsider the inner produt: ρ′s : S
3 → S3, dened
by ρ′s(q) = sqs
−1
.
Proposition 2 ([2℄, Corollary 8.9.3). Let s be a point of S3, the map
ρ′s leaves R
3
invariant and its restrition ρs = ρ
′
s|R3 belongs to SO(3).
Moreover the map s 7→ ρs from S3 to SO(3) is a surjetive group homo-
morphism with kernel {±1}. In partiular, SO(3) and RP (3) are isomor-
phi.
Let ⋆ be a point of S2, the unit sphere of R3, we dene the map
f : S3 → S2
s 7→ ρs(⋆).
Lemma 3. For ⋆ = (0, 1, 0, 0), f is the Hopf bration dened above.
Proof. Let y be a point of S2, we have to prove that f−1(y) is a irle
inluded in a omplex line of C2. Proposition 8.9.4 in [2℄ asserts that given
s = α + t in S3, with t ∈ R3 \ 0 and α ∈ R, the axis of the rotation ρs is
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the line Rt, and its angle θ is given by the relation tan θ2 =
‖t‖
|α| if α 6= 0,
and θ = π if α = 0.
For u ∈ [0, 2π], let us dene cu = (cos(u), sin(u), 0, 0) a point in S3. The
rotations assoiated to cu by the Proposition 2 are the only ones keeping ⋆
invariant.
Let us denote y = (0, a, b, c), with a2 + b2 + c2 = 1 and let sy be the
point of S3 with oordinates (a, 0, c,−b). We have ρsy (y) = ⋆, therefore
ρcu ◦ ρsy (y) = ρcu·sy (y) = ⋆. Hene, we get
f−1(y) = {cu · sy, u ∈ [0, 2π]}.
Let u ∈ [0, 2π], cu · sy = (a cos(u), a sin(u), b sin(u) + c cos(u), c sin(u) −
b cos(u)), therefore, f−1(y) is irle, invariant by the antipodal map and
inluded in the omplex line of slope
c−ib
a
.
Remark 4. For a dierent hoie of point ⋆, we obtain a new map
f ′ : S3 → S2, and there exists a dieomorphism g of the 2-sphere suh that
f ′ = g ◦H (the map g ould be the restrition of an isometry of R3 to S2).
Let f be a smooth map from S3 to S2 (we assume that the spheres are
oriented) and let y and z be two regular values of f . The sets f−1(y) and
f−1(z) are oriented links (a link is disjoint union of knots) and the linking
number: link(f−1(y), f−1(z)) does not depend on the hoie of y and z.
Definition 5. The Hopf invariant of f is H(f) = link(f−1(y), f−1(z)).
The Hopf invariant does not depend on the hoie of f in its homotopy
lass.
Example 6. The Hopf invariant of the Hopf bration is 1.
Let f be a map from S3 to S2, h : S3 → S3 and g : S2 → S2 we have the
equalities:
H(f ◦ h) = deg(h)H(f)
H(g ◦ f) = deg2(g)H(f).
We dedue from the seond formula that the Hopf invariant of any map
f as above (see before lemma 3) is 1.
1.2. Combings and framings
Let us dene some geometrial objets on an arbitrary ompat oriented
3-manifold M . In this setion we follow [14, 7, 6, 4℄. We denote by TM
the tangent bundle of M .
Definition 7. A ombing of M is a setion of the tangent bundle TM .
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A framing of M is a trivialization of the tangent bundle into a produt:
TM ≃M ×R3.
A ombing is a non-singular vetor eld on M . As every ompat ori-
ented 3-manifold has a vanishing Euler harateristi, there always exists
a ombing on M . Every ombing is homotopi to a unitary ombing for a
given Riemannian metri on M .
A framing onsists of three linearly independent ombings whose ori-
entation gives the orientation of the manifold. We remark that with a
Riemannian metri onM , two linearly independent ombings are suient
to dene a framing and every framing is homotopi to an orthonormal
framing. It is more diult to show that there always exists a framing on
a three-manifold. We will restrit ourselves to the ase M = S3 whih is a
Lie group, therefore it is easy to see that S3 admits a framing. The next
lemma is lassial.
Lemma 8. On the three-sphere, one an always omplete a ombing into
a framing. Moreover, two suh framings are homotopi through framings
whih omplete the initial ombing.
Therefore, to eah non-singular vetor eld X on S3, we assoiate a
framing τ
X
whih is well-dened up to homotopy.
Let X and Y be two unitary non-singular vetor elds on the three-
sphere and denote by τ
X
and τ
Y
respetively some assoiated orthonormal
framings. We have the following.
• With respet to τ
X
, the vetor eld Y is a map Yτ
X
from S3 to S2, we
an assoiate to this map its Hopf invariant: HX(Y );
• at eah point x in S3, we an assoiate a unique linear map of SO(3),
denoted by (τ
X
− τ
Y
)(x), mapping X(x) to Y (x) and the two others omb-
ings of τ
X
to the ombings of τ
Y
. The map (τ
X
− τ
Y
) from S3 to SO(3)
has a well-dened degree: [τ
X
− τ
Y
].
Remark 9. As SO(3) is homeomorphi to RP (3) and S3 is simply
onneted, [τ
X
− τ
Y
] is an even integer (see proof of lemma 10).
Lemma 10. The quantity HX gives an isomorphism between the ho-
motopy lasses of non-singular vetor elds on the three-sphere and the
integers.
Two non-singular vetor elds on the three-sphere, X and Y , are homo-
topi if and only if HX(Y ) = 0.
Moreover, we have the formula: HX(Y ) =
1
2 [τX − τY ].
Proof. Let X be a non-singular vetor eld on S3 and τ
X
an assoiated
framing. The homotopy lass of a non-singular vetor eld Y is uniquely
determined by the homotopy lass of Yτ
X
: S3 → S2. The Hopf invariant
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gives an isomorphism between π3(S
2) and Z then it gives an isomorphism
between the homotopy lasses of non-singular vetor elds on S3 and Z.
A ontinuous map from S3 to S2 is homotopi to a onstant if and only
if its Hopf invariant is zero. The map Xτ
X
is onstant, then X and Y are
homotopi if and only if HX(Y ) = 0.
Let us prove now the last formula. Let ⋆ be a point of S2 and dene the
map M : SO(3)→ S2 whih assoiate to a matrix A the point A(⋆) of S2.
Moreover, denote by p : S3 → RP (3) ≃ SO(3) the standard projetion.
With Xτ
X
≡ ⋆, there exists f : S3 → S3 suh that we have the following
ommutative diagram.
S3
f
||xx
x
x
x
x
x
x
x
τ
X
−τ
Y

Y // S2
S3
p
// SO(3)
M
<<
x
x
x
x
x
x
x
x
The projetion p is of degree two then the integer [τ
X
− τ
Y
] is even and
the degree of f is exatly 12 [τX − τY ].
Using this diagram, we see that Y = M ◦ p ◦ f then HX(Y ) = H(M ◦
p ◦ f) = deg(f)H(M ◦ p). The map M ◦ p is exatly the map onstruted
in setion 1.1 and, H(M ◦ p) = H(H) = 1. Therefore we have HX(Y ) =
deg(f) = 12 [τX − τY ].
Remark 11. The isomorphism we obtain is not well-dened, it depends
on the hoie of a preferred ombing (or framing) on the three-sphere.
Remark 12. If we exhange X and Y we get: HX(Y ) = −HY (X).
If X , Y and Z are three non-singular vetor elds on S3, we have the
following equality, for x in S3: (τ
X
− τ
Y
)(x) · (τ
Y
− τ
Z
)(x) = (τ
X
− τ
Z
)(x).
Hene, [τ
X
− τ
Y
]+ [τ
Y
− τ
Z
] = [τ
X
− τ
Z
] and HX(Y )+HY (Z) = HX(Z).
These remarks lead to the following denition.
Definition 13. The distane in homotopy lasses between X and Y ,
denoted by D(X,Y ), is the absolute value |HX(Y )| = |HY (X)|.
Following Theorem 5.4 and Theorem A.4 of [3℄, a dieomorphism of the
three-sphere is either isotopi to the identity (orientation-preserving) or
isotopi to R(x1, x2, x3, x4) = (x1, x2, x3,−x4) (orientation-reversing). We
will see in setion 1.4 that the vetor eldH+, tangent to the Hopf bration,
satises D(H+, R⋆(H+)) = 1.
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Definition 14. We assoiate to a vetor eld X on the three-sphere its
homotopy number:
I(X) = (D(X,H+) +D(X,R⋆(H+))− 1)
2
.
It is lear that D(X,Y ) = D(g⋆(X), g⋆(Y )) for any vetor elds X and
Y , and for any dieomorphism g. Therefore we have the formula I(X) =
I(R⋆(X)). The next lemma is straightforward.
Lemma 15. The homotopy number gives a well-dened isomorphism be-
tween the homotopy lasses (up to dieomorphism) of non-singular vetor
elds on the three-sphere and the natural integers N.
In partiular, we get the formula: D(X,R⋆(X)) = 2I(X) + 1 and we
obtain that there is a unique homotopy lass (up to dieomorphism) suh
that D(X,R⋆(X)) = 1.
Remark 16. If we pay attention to the homotopy lasses of vetor
elds up to dieomorphism, the not well-dened isomorphism of remark 11
beome the well-dened isomorphism of lemma 15.
1.3. Intrinsic definition of D(X,Y )
Given two vetor elds X and Y , it is not easy to ompute HX(Y ),
beause we have to omplete X into a framing and to express Y in the
oordinates of this framing. We will investigate another way, more diret,
to ompute D(X,Y ).
Let X and Y be two non-singular vetor elds on the three-sphere. We
denote by C+ (resp. C−) the set of points of S
3
where X and Y are
positively (resp. negatively) ollinear.
C+ = {x ∈ S3/X(x) = λY (x) with λ > 0}
C− = {x ∈ S3/X(x) = λY (x) with λ < 0}
Lemma 17. Generially, C+ and C− are embedded links in S
3
(possibly
empty).
Proof. The vetor elds X and Y are homotopi to unitary vetor elds
for a given Riemannian metri. Fixing any orthonormal framing τ of S3,
the vetor elds X and Y give a map (X,Y ) from S3 to S2 × S2. The
diagonal D+ (resp. the anti-diagonal D−) of S
2×S2 is the subset of points
of the form (x, x) (resp. (x,−x)) with x in S2. The set C+ (resp. C−) is
the reiproal image (X,Y )−1(D+) (resp. (X,Y )
−1(D−)).
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The spheres D+ and D− are odimension 2 submanifolds of S
2 × S2.
The transversality theorem asserts that a small perturbation of every map
g : S3 → S2×S2 is transverse to D+ and D−. Therefore a small perturba-
tion of X and Y makes the map (X,Y ) transverse to D+ and D−. Hene
(X,Y )−1(D+) and (X,Y )
−1(D−) are either empty or ompat submani-
folds of S3, of odimension 2. Then if C+ and C− are non-empty, they are
disjoint unions of embedded irles in S3.
Remark 18. Lemma 17 is true on arbitrary three-manifold.
Although we made use of a framing in the previous proof, the sets C+
and C− do not depend on a framing (indeed one an prove lemma 17 by a
loal argument).
Let M be a ompat three-manifold, and f and g be two maps from M
to S2 ⊂ R3. If the points f(x) and g(x) are never antipodal, that is if the
set {x ∈M | f(x) = −g(x)} is empty or alternatively if ‖f(x)− g(x)‖ < 2π
for all x in S2, then f and g are homotopi. This leads to the following
lemma.
Lemma 19. If either C+ or C− is empty, then X and Y are homotopi.
Remark 20. The previous argument shows that a perturbation of a
vetor eld leading to a vetor eld in the same homotopy lass an be
very large.
Our goal is to ompute the linking number between C+ and C−. For
that purpose, we need to give them an orientation; in fat we will give two
possible orientations of those links.
Let us denote by C0 one omponent of C+, and let D be a small dis,
transverse to X and Y at a point x of C0. The vetor X(x) gives an
orientation of this dis. We onsider the Gauss map from D to S2 (with
a xed orientation) whih assoiates to a point of D the diretion of the
vetor eld Y at this point. We oriente C0 suh that the orientation of
D and the orientation of C0 at x gives the orientation of S
3
if the Gauss
map is orientation-preserving or gives the opposite of the orientation of S3
otherwise. This hoie of orientation does not depend on the hoie of D
or of x. We oriente this way eah omponent of C+ and C−.
If we take the Gauss map assoiated toX instead, we obtain the opposite
orientation on all the omponents. We reall that the linking number with
the empty set is zero.
Definition 21. The absolute linking number of C+ and C− is the
absolute value of the linking number of C+ and C− with one of the above
orientations: |link(C+, C−)|.
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Remark 22. If C+ and C− are linked by only two omponents (one
for eah link), any orientation of those links would give the same linking
number, up to sign.
If C+ and C− are orbits of X (and of Y ), all their omponents are
oriented as orbits of X (or of Y ).
The intrinsi denition of D(X,Y ) is given by the following.
Lemma 23. The distane in homotopy lasses between two vetor elds
X and Y is given by the absolute linking number of C+ and C−.
|link(C+, C−)| = D(X,Y )
Proof. Let τ
X
be a framing assoiated to X , and Yτ
X
be the vetor eld
Y expressed in this framing. Let ⋆ be the point of S2 suh that Xτ
X
≡ ⋆.
We an perturb Y , staying in the same homotopy lass, suh that ⋆ and
−⋆ are regular values of Yτ
X
.
As C+ is Y
−1
τ
X
(⋆) and C− is Y
−1
τ
X
(−⋆), we an orientate C+ and C− with
respet to the orientation given by the map Y −1τ
X
and the orientation of S3
and S2. This orientation ts with one of the orientations of C+ and C−
given above, depending on the orientation of S2. By the denition of the
Hopf invariant, we have link(C+, C−) = HX(Y ).
The hoie for the orientation of C+ and C− is not anonial, as well
as the hoie of orientation of S2, we obtain the result: |link(C+, C−)| =
D(X,Y ).
We obtain the riterion stated in the introdution as a orollary of the
previous lemma and lemma 10.
1.4. First examples
In this setion, we use our riterion to show that H+ and R⋆(H+) are in
adjaent homotopy lasses, we give examples of vetor elds homotopi to
H+ and R⋆(H+) and nally we give a onstrution of a vetor eld in eah
homotopy lass.
Let H : S3 → S2 be the Hopf bration. Choosing an orientation on S3
and on S2 gives a natural orientation of the bres. We obtain this way a
vetor eld H+, tangent to the bres of H, suh that the linking number
between two dierent orbits is +1. The equations of this vetor eld are:
H+(z1, z2) = (iz1, iz2) if we identie R4 with C2 as in the rst setion.
In a similar way, we dene H− suh that the linking number of two
orbits is −1: H−(z1, z2) = (iz1, iz2). We remark that H− = R⋆(H+). The
following lemma was proved with an other method in [14℄.
Lemma 24. The two vetor elds above, H+ and H−, lie in adjaent
homotopy lasses: D(H+,H−) = 1.
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Proof. The vetor elds H+ and H− are positively tangents along C+,
the unit irle of C×{0} in C2 and they are negatively tangent along C−,
the unit irle of {0} ×C. The irles C+ and C− form a Hopf-link, their
absolute linking number is 1. Using lemma 23, we have D(H+,H−) = 1.
As a orollary, we obtain that I(H+) = I(H−) = 0.
Definition 25. Given two relatively prime numbers p 6= 0 and q > 0,
a (p, q)−Seifert bration of the three-sphere is a map from S3 ⊂ C2 to
S2 ≃ CP (1) dened by:
Sp,q : (z1, z2) 7→
[
zq2
zp1
]
A Seifert bration is a ontinuous map from the three-sphere to the two-
sphere, suh that the reiproal image of eah point is a irle. Eah of
those irles are (p, q)−knots of the tori Ta,b = {(z1, z2)| |z1| = a, |z2| = b}
exept the reiproal image of the North and the South poles whih are the
ores of those tori and give a Hopf link. Let us denote by Hp,q the unitary
vetor eld tangent to the bres of the (p, q)−Seifert bration. We remark
that H1,1 = H+ and H−1,1 = H−.
Lemma 26 ([14℄, orollary 2.4). The vetor elds Hp,q are homotopi
to H+ if p is positive, and to H− if p is negative.
Proof. This is an easy orollary of lemma 19. For p > 0, the vetor
elds Hp,q and H+ are never negatively tangents and it is the same for
Hp,q and H− whenever p < 0.
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Let us onsider the link onsisting of two regular bres L1 and L2 of a
(p, q)−Seifert bration. The absolute linking number between L1 and L2 is
the produt |pq|. We will onstrut a vetor eld Xn for eah n in N \ {0}
whih is positively tangent to Hn,1 along L1 and negatively tangent to
Hn,1 along L2 (and the vetor elds are transverse everywhere else). Suh
a vetor eld satises: D(Xn, Hn,1) = D(Xn,H+) = n.
Lemma 27. There exists suh a vetor eld Xn for eah n in N \ {0}.
Proof. Let τ be a trivialization of the tangent bundle of the three-sphere
suh that H1,n is a onstant map from S
3
to S2. Let T1 (resp. T2) be a
tubular neighbourhood of L1 (resp. L2), and dene Xn(x) = Hn,1(x) if
x ∈ L1 and Xn(x) = −Hn,1(x) if x ∈ L2. Let ⋆ be the point of S2 suh
that Hn,1 ≡ ⋆ and let † denote a dierent point of S2.
Let γt, t ∈ [0, 1] be a smooth path on the two-sphere, suh that γ−1(⋆) =
{0}, γ−1(†) = {1} and γt 6= −⋆ for all t. The solid torus T1 is dieomorphi
to D2 × S1, where D2 = {(r, θ), 0 ≤ r ≤ 1, θ ∈ [0, 2π]}. We dene Xn on
D2 × ω by Xn(r, θ, ω) = γ(r). Therefore, Xn is equal to H1,n on L1, it is
equal to † on ∂T1, and is transverse to H1,n in T1 \ L1.
Similarly, we dene Xn on T2 suh that Xn ≡ † on the boundary of T2.
Therefore one an omplete Xn outside T1 ∪ T2 by Xn|S3\(T1∪T2) ≡ †.
With a small perturbation of Xn along the boundaries of T1 and T2,
we an assume that Xn is smooth, always transverse to Hn,1 exept on
L1 and L2 where the vetor eld are positively and negatively tangents,
respetively.
We have therefore a vetor eld in eah homotopy lass: I(Xn) = n− 1
for n > 0.
2. HOMOTOPY TO MORSE-SMALE FLOWS
In this setion, we will exhibit a non-singular Morse-Smale vetor eld in
eah homotopy lass of vetor elds on the sphere. This result has already
been obtained by Yano, [16℄ after previous work of Wilson, [15℄. Yano
onstruts a non-singular Morse-Smale vetor eldXn suh that I(Xn) = n
for eah n, and Xn has exatly 2n periodi orbits. The main interest of
our onstrution is that all the vetor elds (exept those in the homotopy
lass of H+ and H−) have exatly 4 periodi orbits. This shows therefore
that the number of those orbits is not relevant (as suspeted in [16, Remark
5.2℄). Using our riterion, we see that their linking number is important.
Definition 28. A non-singular vetor eld is a Morse-Smale vetor
eld if its ow has
• a nite set of periodi orbits whih are all hyperboli,
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• the intersetions of the invariant manifolds of those orbits are transver-
sal and,
• its nonwandering set onsists entirely of those orbits.
A periodi orbit of a Morse-Smale vetor eld is either an attrator (index
0), a saddle (index 1) or a repellor (index 2). Following [10, 1℄, Wada, [13℄,
has lassied all the indexed links that are realisable as the set of periodi
orbits of a non-singular Morse-Smale ow on the three-sphere.
We present here a well-known onstrution of a Morse-Smale ow in the
homotopy lass of H+, for ours will be similar in other homotopy lasses.
Let X0 be the S −N−gradient vetor eld pitured in Figure 2.
N
S
Figure 2. Phase portrait of X0
The Hopf bration H is smooth on S3 and eah point of S2 is a regular
value of H. We an lift X0 to a vetor eld of S3, orthogonal to the orbits
of H+. The vetor eld X0 +H+ is a Morse-Smale vetor eld around the
(0, 2)−Hopf link, homotopi to H+. The image by R of this vetor eld
gives a Morse-Smale vetor eld homotopi to H−.
We will onstrut expliitly a Morse-Smale vetor eld in eah homo-
topy lass on the three-sphere. We remark that our vetor elds an be ob-
tained using one the fth or the fourth Wada operation on the (0, 2)−Hopf
link, [13℄. We will make use of the following remark in our onstrution.
Remark 29. For a given non-singular Morse-Smale vetor eld, it is
always possible to hange the orientation of a periodi orbit, staying in the
Morse-Smale lass.
The (p, q)−Seifert bration, Sp,q, is smooth on the three-sphere, exept
along the singular bres LN and LS: Sp,q is smooth on S−1p,q (S2 \ {N,S})
where N and S stand for the North and South poles respetively. Every
HOMOTOPY CLASSES OF VECTOR FIELDS 13
point of S2, dierent fromN and S is a regular value for Sp,q. This bration
maps the tori Ta,b on irles parallel to the equateur of S
2
.
Let X1 be a vetor eld with two soures (at the poles), one sink and
one saddle (that lie on the same parallel), X1 is tangent to this irle (2
heterolini orbits) and transverse to every other parallel irles. The phase
portrait of X1 is given on Figure 3.
N
S
Figure 3. Phase portrait of X1
Let p be a stritly positive integer and let us onsider the following vetor
eld Yp on the three-sphere. For eah point in S
3 \ {LN , LS}, one an lift
the vetor eld X1 on the three-sphere, to a vetor eld A orthogonal to
the bres of Sp,1. We omplete A into a smooth vetor eld on S3 by
A|LN = A|LS = 0. We dene Yp(x) = Hp,1(x) + A(x). The vetor eld
Yp is a Morse-Smale vetor eld with 4 periodi orbits (orresponding to
the singularities of X1), it is positively ollinear to Hp,1 along those orbits,
and transverse everywhere else. In fat, it is transverse to every tori Ta,b
expet the invariant one. On the invariant torus, it is not diult to make
it transverse to Hp,1 (on the omplement of the periodi orbits).
Let M2p+1 be a Morse-Smale vetor eld, with the same periodi orbits
as Yp but with the opposite orientation along the orbit of index 0. A slight
modiation of Yp leads toM2p+1, keeping the transversality with Hp,1 on
the omplement of the periodi orbits. Similarly, let M2p+2 be a Morse-
Smale vetor eld, with the same periodi orbits as M2p+1 but with the
opposite orientation along the orbit orresponding to the North pole of the
two-sphere.
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L
L2
1
Figure 4. The vetor eld Mn in S
3
and on the invariant torus
As p is stritly positive, we obtain a vetor eld Mn for eah n ≥ 3.
We dene M2 as follow (the idea is to do the same with "H0,1"): it has 4
periodi orbits, two repellors form a Hopf link, one saddle and one attrator
that are linked to one of the repellors, with linking number 1 for the saddle
and -1 for the attrator. The saddle and the attrator are on an invariant
torus Ta,b, suh that Ta,b is the union of the stable manifold of the saddle
and the attrator (in partiular, the saddle and the attrator are not linked
together).
Remark 30. The vetor eld M2 is obtained using the fourth Wada
operation, [13℄, and is similar to the vetor eld onstruted by Yano in [16℄.
All the other vetor elds, Mn with n ≥ 3 are obtained using one the
fth Wada operation.
Finally, we dene M1 to be the Morse-Smale vetor eld onstruted
around the (0, 2)−Hopf link (see the begining of this setion).
Lemma 31. For n ≥ 1, the vetor eld Mn belongs to the (n−1)th lass
of homotopy of non-singular vetor elds on the three-sphere: for n ≥ 1,
we have I(Mn) = n− 1.
Proof. The lemma is true for n = 1 by onstrution.
If n is equal to 2, M2 is tangent to every Hp,q with p and q stritly
positive, along a Hopf link and two loops on the invariant torus, parallel
to the periodi orbits of M2. On one of those loops, Hp,q and M2 are
negatively tangent. Then we obtain: |link(C+, C−)| = 1 and I(M2) = 1.
If n ≥ 3 is an odd integer, n = 2p+ 1, the set C+, where Mn and Hp,1
are positively ollinear, is the union of the orbits of Mn of index 1 and 2,
namely LN , LS and L1. The set C− is the orbit of index 0: L0. We oriente
those orbits with respet to Hp,1 and we obtain that:
• link(L0, L1) = link(L0, LS) = p,
• link(L0, LN ) = 1.
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Therefore, with this orientation, link(C−, C+) = 2p+1. By lemma 23 and
lemma 26, we have D(Mn,H+) = D(Mn, Hp,1) = 2p+ 1.
Similarly, if n ≥ 4 is even, n = 2p+ 2, we have: C+ is the union of LS
and L1, and C− is the union of LN and L0. One again, we oriente those
orbits with respet to Hp,1 and we obtain that:
• link(LS , L0) = link(L1, L0) = p,
• link(L1, LN ) = link(LS , LN) = 1.
We obtain that D(Mn,H+) = 2p+ 2.
Using the same tehnique and the piture of Mn on the invariant torus,
we obtain that D(M2p+1,H−) = 2p and D(M2p,H−) = 2p+1. Therefore,
for eah p > 0, we have I(M2p+1) = 2p = n− 1 and I(M2p+2) = 2p+1 =
n− 1, then for eah n ≥ 1, I(Mn) = n− 1.
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